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a b s t r a c t

A liquid subjected to negative pressure is thermodynamicallymetastable. Confinedwithin a small volume,
negative pressure can build up until cavities form spontaneously. The critical negative pressure for
cavitation in water has been theoretically predicted to be in the range of −100 to −200 MPa at room
temperature,whereas values around−30MPahave been obtainedbymany experiments. The discrepancy
has yet to be resolved. In this study we perform molecular dynamics simulations to study cavitation
of water under volume controlled stretching. It is found that liquid water exhibits a nonlinear elastic
compressibility (or stretchability) under hydrostatic tension and remains stable within the confined
volume until spontaneous cavitation occurs at a critical strain. Subsequently, as the volume-controlled
stretching continues, the cavity grows stably and the hydrostatic tension decreases continuously until the
box volume is large enough for another transition to form awater droplet. Amodified nucleation theory is
proposed to predict the critical condition for cavitation. In particular, a strong dependence of the critical
strain and stress for cavitation on the initial liquid volume is predicted by themodified nucleation theory,
whichmay offer a possible explanation for the discrepancies in the values of the critical negative pressure
obtained from experiments.

© 2016 Elsevier Ltd. All rights reserved.
1. Introduction

Liquid water can be stretched under negative pressure (or hy-
drostatic tension) in a metastable state until cavitation [1]. Classi-
cal nucleation theory predicts a critical negative pressure for cav-
itation to be around −140 MPa [2] or −160 MPa [3] around room
temperature (∼300 K). Experimentally, a critical negative pres-
sure of −140 MPa was reached at 315 K using the microscopic
Berthelot tube method [4–6], by cooling a micrometer sized wa-
ter droplet confined in a quartz crystal so that the liquid, which
sticks to the hydrophilicwall, follows an isochore (constant density
path) to the point of cavitation. Many other experimental meth-
ods have been used to study cavitation of water, such as acous-
tic cavitation [7,8], shock wave techniques [9], and the method of
artificial trees [10]. However, the critical negative pressure values
from these experiments are typically around −30 MPa [11], far
from the theoretical prediction. The reason for the apparent dis-
crepancy remains unknown.While extensive studies have beende-
voted to supercooledwater (metastablewith respect to crystalliza-
tion or vitrification) [11–14], a unified description of water in its
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stable and metastable states remains elusive, and the knowledge
about liquid water under negative pressure (metastable with re-
spect to vaporization) is still in its infancy. It is thus believed that
the extrememechanics ofwater under negative pressure including
the study of cavitation can provide essential insights for establish-
ing the metastable phase diagram of water and explaining several
thermodynamic anomalies of water [11].

In nature, negative pressure in water occurs routinely in the
xylem of trees [15], where cavitation breaks the continuity of wa-
ter columns and hence the water supply to transpiring leaves [16].
A similar situation occurs with water filling a void in an elas-
tomer [17], which is in a state of hydrostatic tension due to os-
mosis. Moreover, liquid water in a narrow capillary could be un-
der negative pressure as a result of the Laplace pressure with a
curved liquid–vapor interface [18], such as water in soil. A related
phenomenon is the capillary bridge at the interface between two
solids, a common feature of wet adhesion [19–21]. As shown in a
recent study [21], separation of a graphene membrane from a wet
surface could stretch thewater film in between to the point of cavi-
tation with a critical negative pressure of about−90MPa, depend-
ing on the graphene–water interactions.

In this study, we conductmolecular dynamics (MD) simulations
to study cavitation of water under volume-controlled conditions
(Section 2). Motivated by the MD simulations, we propose a
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modified nucleation theory by taking into account the nonlinear
elastic compressibility of liquid water (Section 3). The numerical
and theoretical results are compared and discussed in Section 4
to elucidate the effects of relaxation time, initial volume, and
temperature on cavitation as well as a complete pathway of phase
transition by volume-controlled stretching, from the stable liquid
phase to the stable vapor phase of water through a series of
metastable states (including cavitation and droplet).

2. MD simulation

WeperformclassicalMDsimulations using LAMMPS [22].Many
different empirical potentials have been proposed for water, such
as ST2 [23], SPC/E [24], TIP4P [25], TIP5P [26], TIP4P/2005 [27],
and polarizable AMOEBA [28,29] models. In this study we use the
TIP4P/2005 model, which accurately describes the surface tension
ofwater over thewhole range of temperatures from the triple point
to the critical temperature [30]. In the TIP4P/2005model, eachwa-
ter molecule has four interaction sites, including a massless M-site
located coplanar with the oxygen (O) and hydrogen (H) sites on
the bisector of the H–O–H bond angle. The O–H bond length and
the H–O–H bond angle are fixed as 0.9572 Å and 104.52°, respec-
tively. The intermolecular pair potential has two contributions, a
Lennard-Jones (LJ) term and an electrostatic part. The oxygen site
carries no charge, but contributes to the LJ term:

ULJ = 4EOO


LOO
rOO

12

−


LOO
rOO

6


, (1)

where rOO is the distance between the oxygen sites of two water
molecules, LOO = 3.1589 Å and EOO = 0.00803 eV. The H and M
sites are charged (qH = 0.5564e and qM = −2qH = −1.1128e),
but do not contribute to the LJ term. The electrostatic part of the
interaction potential between two water molecules is

Ue =


i,j(i≠j)

keqiqj
rij

, (2)

where the summation is taken over all pairs of charged sites, rij
is the distance between two charged sites, and ke is the electro-
static constant. The total potential energy of the system is the sum
of the pair potentials between all molecules. The cutoff distance
is set to be 13 Å for both the LJ and electrostatic interactions.
The electrostatic interactions are computed by using the parti-
cle–particle particle-mesh (PPPM) algorithm [31] as implemented
in LAMMPS. The time integration scheme closely follows the time-
reversible measure-preserving Verlet and rRESPA integrators de-
rived by Tuckerman et al. [32], with a time step of 1 fs.

We consider in our simulations a cubic box of water molecules
with periodic boundary conditions, as shown in Fig. 1. The temper-
ature is controlled by using a Nose–Hoover thermostat. Each sim-
ulation starts with a constant pressure isotropic relaxation (NPT)
under the atmosphere pressure (p = 1 bar or 0.1013MPa) to equi-
librate the system for 1 ns. The equilibrium box size is obtained as:

L0 =
1
3


Lx + Ly + Lz


t , (3)

where Lx, Ly, Lz are the linear dimensions of the simulation box and
⟨·⟩t denotes the time average of the enclosed quantity over the pe-
riod of relaxation. Next, the simulation is switched to NVT ensem-
ble to simulate volume-controlled stretching while the pressure is
calculated and may become negative. A incremental linear strain
of 1εL = 2 × 10−3 is applied by stretching the simulation box in
three dimensions simultaneously with 1L = L01εL, followed by
NVT relaxation for 0.2 ns. The corresponding pressure is calculated
Fig. 1. MDsimulation ofwater cavitation under volume-controlled stretching. (a) A
simulation box of 8000 water molecules (L0 = 6.22 nm); (b) Cavity surface at εV =

0.191, constructed by the alpha-shape method [33] with a virtual probe sphere
of radius 0.4 nm using OVITO [34]. (c) Calculated hydrostatic tension (σ = −p)
versus the nominal volumetric strain (εV ), subjected to a loading–unloading cycle
at T = 300 K.

at each strain level by averaging the diagonal components of the
virial stress tensor, namely

p = −
1
3

3
k=1

σkk. (4)

The virial stress [35] is calculated as

σ =


−

1
2L3


i,j
i≠j

Fij ⊗
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−

1
L3


i

mivi ⊗ vi


t

, (5)

where Fij is the force vector between two interaction sites (O, H, or
M), ri is the position vector, vi is the velocity vector,mi is the atomic
mass associated with O and H sites only. Note that Eq. (5) gives the
average stress over the volume (V = L3) including the volume of
cavity (if exists).

As shown in Fig. 1 for L0 = 6.22 nm at T = 300 K, the hydro-
static tension is nearly zero after NPT relaxation (σ ∼ −0.1 MPa),
and the molecular number density is 33.2 nm−3, close to the theo-
retical value of 33.4 nm−3 for liquidwater. As the volumetric strain
(εV = L3/L30 − 1) increases, the hydrostatic tension first increases
and then drops abruptly. The initial bulk modulus of water is ob-
tained from the slope (dσ/dεV ) of the hydrostatic stress–strain di-
agram at small strains, which is 2.09 GPa, reasonably close to the
value (∼2.2 GPa) measured in experiments [36]. As the strain in-
creases, the tangent bulk modulus decreases, indicating a nonlin-
ear elastic behavior of liquid water under tension. The hydrostatic
tension reaches amaximumof 189MPa at εV = 0.124, after which
the stress drops abruptly. It is found that the sudden stress drop is
associatedwith onset of cavitation in thewater box, which leads to
a nearly spherical cavity as shown in Fig. 1 (top right). Hence, the
MD simulation predicts a critical negative pressure for cavitation
at −189 MPa under volume-controlled stretching at 300 K. Sub-
sequently, as the strain increases further, the cavity grows larger
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in size and the hydrostatic tension decreases slowly. Upon un-
loading by decreasing the box volume, the cavity shrinks and the
stress increases. Eventually, the cavity disappears at a lower crit-
ical stress (∼140 MPa), and further unloading follows the loading
curve back to the initial state at zero strain. A hysteresis loop is thus
observed in the hydrostatic stress–strain diagram after the load-
ing/unloading cycle, indicating energy dissipation associated with
the cavitation process.

3. Modified nucleation theory

Classical nucleation theory has been commonly adopted to
understand cavitation of water under negative pressure [1–3,13].
At a given pressure and temperature, the net work associated with
formation of a spherical cavity of radius R in the liquid phase is
written as

W (R; p, T ) =
4
3
πR3 [p − p0 (T )] + 4πR2γ (T ) , (6)

where p0 (T ) is the equilibrium vapor pressure in the cavity and
γ (T ) is the surface tension of the liquid/vapor interface; both are
functions of temperature. For p < p0 (T ), the first term on the right
hand side of Eq. (6) is negative, whereas the second term is always
positive. The competition of the two terms defines a critical cavity
radius:

Rc (p, T ) =
2γ (T )

p0 (T ) − p
. (7)

As a result, when p < p0 (T ), smaller cavities (R < Rc (p, T )) dis-
appear and larger cavities (R > Rc (p, T )) grow. The corresponding
energy barrier is:

Eb (p, T ) =
16π
3

γ (T )3

[p0 (T ) − p]2
. (8)

Then, by the kinetic theory of nucleation, the rate of cavitation is
proportional to exp [−Eb/ (kBT )], where kB is Boltzmann constant.
As such, the critical negative pressure for cavitation was predicted
as the pressure to form the first cavity within a specific time τ [2]:

pc (T ) = p0 (T ) −


16π
3

γ (T )3

kBT ln (τNkBT/h)

1/2

, (9)

where N is the number of molecules and h is Planck’s constant.
Interestingly, the critical pressure by Eq. (9) was found to be ex-
tremely insensitive to the particular time τ [2], and it was sug-
gested to take the critical pressure as that corresponding to forma-
tion of one cavity per second. Taking τ = 1 s andN = 6.022×1023

for 1 mole of water molecules along with γ = 0.072 N/m for liq-
uidwater at T = 300 K, the critical negative pressure for cavitation
was predicted to be −134 MPa [2].

A slightly different version of the classical nucleation theory [1,
18,37] considered the probability to form a cavity by thermal
fluctuation and defined the cavitation pressure as the pressure
when the probability reaches 50%. This led to a similar prediction
as Eq. (9):

pc (T ) = p0 (T ) −


16π
3

γ (T )3

kBT ln (Γ0Vτ/ ln 2)

1/2

, (10)

where V is the volume of liquid and Γ0 is a kinetic pre-factor for
the nucleation rate. The pre-factor, which was not given precisely,
was estimated as the product of the thermal frequency (kBT/h) and
the density of independent nucleation sites (∼ 1/R3

c ) [37]. With
V = 1000 µm3 and τ = 1 s, Eq. (10) predicts a cavitation pressure
at −168 MPa at 293 K [1]. It can be shown that the prediction by
Eq. (10) is insensitive to the volume, ranging from around
−220 MPa for V = 1 nm3 to −130 MPa for V = 1 m3.

Motivated by the MD simulations as described in Section 2, we
propose a modified nucleation theory. In particular, we take into
account the finite compressibility of liquidwater and consider cav-
itation under the volume-controlled condition (instead of pressure
control). In this way, the cavitation process is stabilized, which al-
lows the prediction of subsequent cavity growth in addition to the
critical negative pressure. Let V0 be the initial volume of the liquid
water in its stable phase at a given pressure (e.g., p = 1 bar) and
temperature (e.g., T = 300 K). Stretch the volume to V > V0 under
isothermal condition. Assuming a spherical cavity of radius R in V
(R = 0 if no cavity), we write the free energy of the system as

Φ = V0UL (ε) + 4πR2γ −
4
3
πR3p0, (11)

where UL (ε) is the elastic strain energy density of the liquid as a
function of the volumetric strain ε. To obtain a functional form of
UL (ε), we observe from the MD simulation (Fig. 1) that the hydro-
static stress before cavitation can be written as a function of the
volumetric strain:

σ = K1ε + K2ε
2, (12)

where K1 is the linear bulk modulus and K2 is the second-order
modulus for the nonlinear behavior at relatively large strains. Both
moduli are temperature dependent as discussed later. For T =

300 K, we fit the hydrostatic stress–strain diagram from the MD
simulation to obtainK1 = 2.09GPa andK2 = −4.62GPa, as shown
in Fig. 2(a) (Branch I). By integrating Eq. (12) with respect to the
strain, we obtain the strain energy density function as

UL (ε) =
1
2
K1ε

2
+

1
3
K2ε

3. (13)

Let εV = V/V0 − 1 be the nominal strain. With a spherical cavity
of radius R in V , the volume of liquid water is V −

4
3πR3 and hence

the volumetric strain in the liquid is

ε = εV −
4πR3

3V0
. (14)

Substituting Eq. (14) into Eq. (13) and then into Eq. (11), we obtain

Φ = V0UL (εV ) + 1Φ (R, εV ) , (15)

where

1Φ (R, εV ) = 4πR2γ


1 −

1
3
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−
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−
4
3
πR3p0

(16)

with a length scale l = γ /K1. The first term on the right-hand side
of Eq. (15) gives the free energy without cavitation, while the sec-
ond term is the change of free energy with cavitation in the same
total volume. It is noted that the liquid water outside the cavity
is assumed to be in a state of constant pressure for static equilib-
rium (i.e., no viscous flow), whereas the pressure inside the cavity
is different and the pressure difference is balanced by the surface
tension.

Consider a cubic box of liquid water with L0 = 6.22 nm and
V0 = L30 at T = 300 K (same as the MD simulation in Fig. 1).
Stretched to a nominal strain εV , the change of free energy in
Eq. (16), normalized by 4π l2γ , is plotted as a function of the di-
mensionless cavity size R/l in Fig. 2(b). Here, we take γ = 0.0693
N/m as the surface tension of water at 300 K as predicted by the
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Fig. 2. Prediction of cavitation by a modified nucleation theory: (a) Hydrostatic stress–strain diagram, in comparison with MD simulation (filled symbols). (b) Free energy
function under different nominal strains. (c) Cavity radius as a function of the nominal strain, in comparison with MD simulation (filled symbols). (d) Nucleation rate for
cavitation and de-cavitation. The dashed lines in (a) and (c) are the unstable branches. The vertical lines in (a) and (c) indicate the transition (from A to B) at the critical strain.
The dotted line in (d) is obtained by shifting the solid line up by a factor of 109 , to compare with 1/τR in MD simulations (symbols).
TIP4P/2005model [30], alongwith the bulkmoduli, K1 = 2.09 GPa
and K2 = −4.62 GPa; the vapor pressure (p0) is negligible and thus
ignored hereafter. When the nominal strain is small (εV < 0.094),
the free energy function has a single minimum at R = 0, and thus
the liquid water is uniformly stretched without any cavity and re-
mains stable under the NVT condition although the pressure may
become negative. When the nominal strain exceeds a threshold
value (∼0.094), a local minimum of the free energy function ap-
pears at a finite cavity radius (R > 0). The free energy at the lo-
cal minimum decreases with increasing nominal strain. When the
nominal strain exceeds a critical value (∼0.111), the free energy at
the second minimum (R > 0) becomes lower than the free energy
at the first minimum (R = 0). As a result, the uniformly stretched
liquid water becomes metastable with respect to formation of a
cavity, whereas the state with a finite cavity (R > 0) is stable un-
der the NVT condition. Therefore, by volume-controlled stretching,
cavitation is predicted as a first-order phase transition from the ho-
mogeneous liquid phase (stretched but no cavity) to the cavitated
state with coexisting liquid and vapor phases within the volume.

The critical strain for cavitation can be predicted by setting the
free energy values at the two minima to be equal. First, the radius
of cavity is obtained as a function of the nominal strain (Fig. 2(c))
by setting ∂Φ/∂R = 0 and ∂2Φ/∂R2 > 0 for the energyminimum.
It can be shown that the cavity radius thus obtained satisfies the
Young–Laplace equation as expected, namely

R (εV ) =
2γ
σ

, (17)

where σ is the hydrostatic tension in liquid (after cavitation) and
can be obtained from Eq. (12) with the strain in Eq. (14). Next,
by inserting R (εV ) into Eq. (16) and setting 1Φ = 0, we obtain
an equation that can be solved to predict the critical strain for
cavitation. As shown in Fig. 2(c), a discontinuous transition (from
point A to point B) is predicted at the critical strain (εc ∼ 0.111),
whereas the radius for themetastable cavity is obtained before the
critical strain (0.094 < ε < 0.111). Also shown in Fig. 2. c is an
unstable branch (dashed line) corresponding to themaximum free
energy between the two energy minima in Fig. 2(b), which may be
considered as the critical cavity radius (R = Rc) under the volume-
controlled stretching.

At the critical strain (εc ∼ 0.111), the hydrostatic tension
changes abruptly before and after cavitation (from A to B in
Fig. 2(a)). Before cavitation, the hydrostatic stress can be obtained
directly from Eq. (12) with ε = εc . This gives a critical stress of
175 MPa, slightly lower than that from the MD simulation. After
cavitation, the volumetric strain in liquid is less than the nominal
strain as given in Eq. (14), with which the hydrostatic stress can
be calculated. Alternatively, the stress after cavitation can also be
calculated by Eq. (17). To compare with the virial stress in Eq. (5)
by the MD simulation, the volume-averaged hydrostatic stress is
calculated as a function of the nominal strain as

σ̄ (εV ) = σ (ε)


1 −

4πR3

3V0 (1 + εV )


. (18)

As shown in Fig. 2(a), the hydrostatic stress–strain diagram con-
sists of two branches. Before cavitation (branch I), the stress is well
fit by Eq. (12). After cavitation (branch II), the stress calculated by
Eq. (18) compares closely with the MD results. In addition, an un-
stable branch (dashed line) is shown in between, corresponding
to the critical cavity radius (dashed line in Fig. 2(c)). The unstable
branch connects with branch II at a threshold strain (∼0.094) with
infinite slope and approaches branch I asymptotically at increas-
ingly large strain. With Eqs. (17) and (18), the cavity radius in the
MD simulation can be estimated by the calculated virial stress. As
shown in Fig. 2(c), the estimated radius agrees with the prediction
reasonably well.

Furthermore, we note that in the MD simulation cavitation
occurs at a strain greater than the predicted critical strain and
disappears at a smaller strain during unloading. This may be
qualitatively understood by a kinetic theory of nucleation [13].
Under the NVT condition, the free energy function has two local
minima when the nominal strain is greater than a threshold value
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(∼0.094) as shown in Fig. 2(b). In this case, the net rate of cavity
formation can be written as:

dn
dt

= Γ


exp


−

1Φmax

kBT


− exp


−

1Φmax − 1Φmin

kBT


, (19)

where 1Φmax is the energy difference between the homogeneous
state (R = 0) and the state with the locally maximum free energy
(R = Rc) and 1Φmin is the energy difference between the two en-
ergyminima. Thus,1Φmax is the energy barrier to forma cavity and
1Φmax − 1Φmin is the energy barrier for the cavity to disappear,
both varying with the nominal strain as shown in Fig. 2(b). The ki-
netic pre-factor Γ is not known precisely. Nevertheless, we plot
the nucleation rate as a function of the nominal strain in Fig. 2(d) by
taking Γ = NkBT/h, where N is the number of water molecules in
the MD simulation (N = 8000). At the critical strain (εc ∼ 0.111),
the net nucleation rate is zero. When ε < εc , 1Φmin > 0 and
the nucleation rate is negative. On the other hand, when ε > εc ,
1Φmin < 0 and the nucleation rate is positive. For cavitation to oc-
cur within a finite time, a positive nucleation rate is required and
hence the cavitation strain observed in theMD simulation is larger
than the critical strain. Similarly, during unloading, the nucleation
rate must be negative for the cavity to disappear and hence the
de-cavitation strain is lower than the critical strain. Quantitatively,
however, the nucleation rate by Eq. (19) is too low for a cavity to
form within the relaxation time (0.2 ns) at each strain level, pos-
sibly due to the rough estimate of the pre-factor Γ . For unloading,
the MD simulation shows that the cavity remains at strain levels
below the threshold (∼0.094), which may suggest that the relax-
ation time was too short for the cavity to disappear. However, the
negative nucleation rate by Eq. (19) for ε < εc is very high in mag-
nitude and thus the relaxation time should be sufficient. There-
fore, the kinetic theory of nucleation,while qualitatively consistent
with theMDsimulation, is not quantitatively accurate in predicting
the cavitation/de-cavitation strains. An alternative approach to ac-
count for the rate effect may be developed by considering the tran-
sient evolution of the cavity with viscous flow of the liquid water,
which is left for future studies.

4. Results and discussion

4.1. Effect of relaxation time

MD simulations are often limited by computational cost to the
cases with unrealistically high loading rates or short relaxation
time. With a linear strain increment 1εL = 2 × 10−3 and a re-
laxation time τR = 0.2 ns at each strain level, the linear strain rate
is 107 s−1. By increasing the relaxation time to 1 ns in MD simu-
lations, thus reducing the loading rate by a factor of 5, the hydro-
static stress–strain diagram shows little difference (Fig. 3). On the
other hand, if decreasing the relaxation time to 0.1 and 0.05 ns,
the onset of cavitation is slightly delayed till a higher strain and
correspondingly a higher magnitude for the cavitation pressure.
The stress–strain behavior before cavitation and during unload-
ing remains unaffected by changing the relaxation time. Theoreti-
cally, the relaxation timemay be related to the nucleation rate that
is required for a cavity to form, roughly, dn/dt ∼ 1/τR. Thus, a
longer relaxation time requires a lower nucleation rate and cor-
respondingly a smaller critical strain as shown in Fig. 2(d), which
is qualitatively consistent with the MD simulations in Fig. 3. How-
ever, without a quantitatively accurate prediction of the nucleation
rate, there is a large gap between the estimated nucleation rate
by Eq. (19) with Γ = NkBT/h and the required nucleation rate in
the MD simulations (dn/dt ∼ 1/τR). In the present study, we use
τR = 0.2 ns in MD simulations unless noted otherwise.
Fig. 3. Hydrostatic stress–strain diagrams by MD simulations with different
relaxation times (T = 300 K and N = 8000).

4.2. Effect of initial liquid volume

Another limitation of the MD simulation is the small box size
L0 or V0 = L30, the initial volume of the liquid water, which de-
pends on the number of water molecules in the simulation box. By
varying the number of molecules inMD simulations, we obtain the
hydrostatic stress–strain diagrams for different initial volumes in
Fig. 4(a) (T = 300 K). The nonlinear elastic response before cav-
itation remains unaffected. Onset of cavitation is slightly delayed
for the smallest initial volume (N = 2197 and L0 = 4.05 nm), but
nearly identical for the other three cases (N = 8000, 17576 and
32768). The average stress after cavitation depends on the initial
volume: a larger initial volume leads to lower tensile stresses and
a lower critical strain for de-cavitation during unloading.

By classical nucleation theory, the initial volume of liquidwater
affects the cavitation pressure through the nucleation rate only,
which has been found to be insignificant for the prediction of
cavitation pressure (Eq. (10)) [1,2,18]. In contrast, the modified
nucleation theory in Section 3 predicts a more significant effect,
not only on the nucleation rate but also on the free energy through
Eq. (16). As written in Eq. (11), formation of a cavity increases
the surface energy but decreases the elastic strain energy in the
liquid. The competition leads to a critical strain for cavitation that
depends on the initial volume: a larger initial volume leads to a
lower critical strain (Fig. 4(c)) and correspondingly a lower critical
stress (Fig. 4(d)). Moreover, the radius of cavity increases as the
initial volume increases, leading to lower stresses after cavitation
as dictated by Eq. (17). To compare with the MD simulations, we
show in Fig. 4(b) the hydrostatic stress–strain diagrams predicted
by the modified nucleation theory for the same initial volumes.
The agreement is reasonable except for the case with the smallest
initial volume, where onset of cavitation in the MD simulation
occurs at a strain lower than the predicted critical strain. For the
other three cases, while the predicted critical strain decreases
with increasing initial volume, onset of cavitation occurs at similar
strain levels, higher than the predicted value. Interestingly, the
energy barrier 1Φmax in Eq. (19) is found to be similar at the
same nominal strain (εV ∼ 0.12) where the onset of cavitation
is observed in the MD simulations. This suggests that cavitation
occurs at similar nucleation rates for the three cases. On the other
hand, the de-cavitation strain or stress upon unloading is lower but
follows the same trend as the predicted critical values.

The modified nucleation theory predicts that the critical strain
and stress for cavitation decreases with increasing initial volume
(V0 = L30). As shown in Fig. 4(c) and (d), the MD simulations pre-
dict an upper critical strain (stress) for cavitation and a lower crit-
ical strain (stress) for de-cavitation. Except for the case with the
smallest initial volume, the theoretical prediction lies in between
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Fig. 4. (a) Hydrostatic stress–strain diagrams by MD simulations with different simulation box sizes, and (b) diagrams predicted by the modified nucleation theory, with
the vertical lines for onset of cavitation. (c) Predicted critical strain and (d) critical stress for cavitation under volume-controlled stretching, in comparison with the upper
and lower critical values from MD simulations (filled symbols).
the two critical values from MD, which is expected by qualitative
consideration of the nucleation rate. Within the limited volume
range by MD simulations, the upper critical strain (stress) appears
to be less dependent on the initial volume, while the lower criti-
cal strain (stress) follows the same trend as the critical strain pre-
dicted by the modified nucleation theory. Extrapolating to much
larger initial volumes beyond the MD simulations, the predicted
critical strain and stress decrease continuously toward zero. In
other words, if the initial volume of liquid water is infinitely large
(V0 → ∞), the critical strain approaches zero and the liquid phase
is unstable with respect to cavitation under any hydrostatic ten-
sion (or negative pressure). If the vapor pressure is taken into ac-
count in the calculation, the liquid phase with V0 → ∞ would
be unstable under any pressure below the equilibrium vapor pres-
sure. This limiting scenario is dictated by classical thermodynam-
ics. However, when the liquid water is confined within a finite vol-
ume, it could remain stable without cavitation down to a negative
pressure. The strong dependence of the critical strain and stress for
cavitation on the initial volume as predicted by the modified nu-
cleation theory may offer a possible explanation for the large dis-
crepancies in the values of the critical negative pressure obtained
from experiments [1–11]: a critical stress above 100 MPa could be
obtained with a small initial volume (L0 < 10 nm), while the criti-
cal stress could bemuch lower with a larger initial volume, around
30 MPa for L0 ∼ 100 nm. It should be noted that strictly volume-
controlled stretching has not been realized in experiments. The
microscopic Berthelot tube method [4–6] may be the closest to
volume-controlled stretching, but it also involves changing tem-
perature, which may have additional effects as discussed next.

4.3. Effect of temperature

Cavitation of water at different temperatures is studied by
both MD simulations and the modified nucleation theory. Hydro-
static stress–strain diagrams from MD simulations are presented
in Fig. 5(a) for a range of temperatures with the water in its stable
Table 1
Temperature dependent parameters obtained from MD simulations using
TIP4P/2005.

T (K) L0 (nm) K1 (GPa) K2 (GPa) γ (N/m)

280 6.219 2.01 −3.38 0.0722
300 6.223 2.09 −4.62 0.0693
320 6.242 2.07 −5.40 0.0665
340 6.265 1.99 −5.61 0.0632
360 6.293 1.88 −5.74 0.0598

liquid phase at atmospheric pressure. The same number of water
molecules (N = 8000) is used in all simulations. After the initial
NPT relaxation at the atmospheric pressure, the equilibrium simu-
lation box size (L0) varies slightly with the temperature (i.e., ther-
mal expansion), as listed in Table 1. The corresponding mass den-
sity of the liquid water decreases with increasing temperature
within the range. Upon stretching, the hydrostatic stress–strain di-
agram exhibits qualitatively similar behavior at all temperatures
considered, namely, a nonlinear elastic rising of the hydrostatic
tension followed by an abrupt drop due to cavitation and a slowly
decreasing tension after cavitation. Fitting the nonlinear elastic be-
havior with Eq. (12), we obtain the two elastic moduli that depend
on the temperature, as listed in Table 1. The linear bulk modulus
K1 reaches a maximum at T = 300 K and then decreases as the
temperature increases, whereas the second-order modulus K2 de-
creasesmonotonicallywith temperature. As a result, the liquidwa-
ter is less stiff (or more compressible) at higher temperatures (T >

300 K). Correspondingly, the cavitation stress in the MD simula-
tions decreases with increasing temperature, although the critical
strain is similar for the three caseswith T > 300K. After cavitation,
the average stress decreases slightly with increasing temperature.

The prediction by the modified nucleation theory depends on
temperature through three parameters: the two elastic moduli, K1
and K2, and the surface tension γ . We obtain the elastic moduli
from the MD simulations and use the following equation to obtain
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Fig. 5. (a) Hydrostatic stress–strain diagrams of water at different temperatures by MD simulations (N = 8000); (b) Hydrostatic stress–strain diagrams predicted by the
modified nucleation theory; (c) Critical pressure for cavitation as a function of temperature fromMD and the modified nucleation theory, along with the predicted spinodal
pressure. (d) Critical pressure for cavitation predicted by themodified nucleation theorywith relatively large initial volumes, in comparisonwith the data fromacoustic-based
measurements [8,11].
the surface tension at various temperatures:

γ (T ) = c1


1 −

T
Tc

11/9 
1 − c2


1 −

T
Tc


. (20)

This equation is used by the International Association for Proper-
ties of Water and Steam to describe the experimental values of
the surface tension of water [30]. The parameters in Eq. (20) were
determined from MD simulations using the TIP4P/2005 potential
for water [30], and they are: c1 = 0.22786 N/m, c2 = 0.6413,
and Tc = 641.4 K, which are used here to obtain the surface ten-
sion in Table 1. With the temperature-dependent parameters, the
modified nucleation theory predicts the hydrostatic stress–strain
diagrams at different temperatures in Fig. 5(b). At each tempera-
ture, a transition from the homogeneous liquid phase to the cavi-
tated state is predicted at a critical strain under volume-controlled
stretching, and the hydrostatic stress drops abruptly at the transi-
tion. Compared to theMD simulations in Fig. 5(a), themodified nu-
cleation theory accurately predicts the critical stress for the three
cases with T > 300 K, but under-predicts the critical stress at
lower temperatures, as shown in Fig. 5(c). This may be qualita-
tively understood based on the nucleation rate in Eq. (19). Since
the nucleation rate generally increases with increasing temper-
ature, onset of cavitation could occur slightly above the critical
strain at relatively high temperatures but would require a larger
strain to lower the energy barrier (1Φmax) at relatively low tem-
peratures. Remarkably, the critical strain for cavitation predicted
by the modified nucleation theory is similar (∼0.11) at all temper-
atures considered here, but the critical stress depends on temper-
ature (Fig. 5(c)) due to the temperature-dependent elastic moduli.
After cavitation, the average stress decreases with increasing tem-
perature largely due to the temperature-dependent surface ten-
sion, while the radius of cavity varies slightly with temperature.

The critical negative pressure (pc = −σc) for cavitation is
shown in Fig. 5(c) as a function of temperature, from both MD
simulations and the modified nucleation theory. In addition, the
nonlinear hydrostatic stress–strain relation in Eq. (12) may be ex-
trapolated to predict a spinodal pressure (ps = −σs) by setting
dσ/dε = 0, which leads to: ps (T ) = K 2

1 / (4K2), as shown in
Fig. 5(c). The spinodal pressure has been predicted theoretically as
a stability limit for liquid water under negative pressure [12,38].
Interestingly, two kinds of temperature dependence have been ob-
tained previously for the spinodal pressure, one with a minimum
at around 320 K [12] and the other increasing monotonically with
temperature [38]. Apparently, with the elastic moduli obtained
from the MD simulations using TIP4P/2005 in the present study,
the predicted spinodal pressure increasesmonotonicallywith tem-
perature, consistent with other MD simulations [3,38,39]. While
theoretically significant, the spinodal pressure in principle cannot
be measured directly in experiments because of cavitation (ps <

pc). In MD simulations, cavitation may be suppressed by using a
small number of water molecules and as a result, the hydrostatic
stress–strain diagram can be obtained up to the spinodal limit
[38,39]. It has been suggested that measurements of the cavitation
pressure would help to settle the fundamental debate on the spin-
odal pressure and the associated anomalies in the phase diagram
of water [1,11]. However, measurements of cavitation pressure in
pure water have also been challenging. One set of experiments us-
ing the microscopic Berthelot tube method [4–6] have reached a
critical negative pressure of−140MPa at 315 K. Other experimen-
talmethods have consistently yielded values of around−30MPa at
room temperature [7–11]. The discrepancy may be understood by
the modified nucleation theory. Unlike classical nucleation theory,
the modified nucleation theory as proposed in this study predicts
a strong dependence of the cavitation pressure on the volume of
water (Fig. 4(d)). With a small initial volume (V0 = 700 nm3), the
cavitation pressure of−140MPa is predicted at 300 K. On the other
hand, with a large initial volume (V0 = 6 × 105 nm3), the cavita-
tion pressure at 300 K is predicted to be −28 MPa. Using relatively
large initial volumes, we obtain the cavitation pressure as a func-
tion of temperature from themodified nucleation theory as shown
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Fig. 6. (a) Pressure–volume diagram of water under volume-controlled stretching
by MD simulation (T = 300 K and N = 8000). (b) A sequence of morphological
transitions from spherical cavity (B) to cylindrical (C) cavity and alternating layers
(D), and to a liquid droplet (E). Water molecules in the liquid phase are shown in A,
D and E, while the cavity surface is shown in B and C.

in Fig. 5(d), for comparison with the data from acoustic-based ex-
periments [8,11]. This illustrates the potential to resolve the dis-
crepancies in the cavitation pressure of watermeasured by various
experiments.

4.4. An isothermal process of liquid–vapor phase transition

The most common liquid–vapor phase transition occurs under
the isobaric condition, changing the temperature at a constant
pressure, while the specific volume changes abruptly before
and after the transition. The two phases may co-exist at the
saturation temperature, forming a saturated liquid–vapormixture.
Alternatively, the liquid–vapor phase transition may occur under
the isothermal condition, by changing the pressure at a constant
temperature. In this case, the two phases co-exist at the saturation
pressure that depends on temperature. Yet another scenario of
liquid–vapor phase transition may be achieved by isothermal
volume-controlled stretching as considered in this study. With
the total volume constrained, the liquid water (of a small initial
volume) could remain stable with respect to cavitation under a
negative pressure, far below the saturation pressure (∼3 kPa for
water at 300 K). Upon cavitation, the pressure rises abruptly,
but still below the saturation pressure. After cavitation, the
liquid and vapor phases co-exist with an interface, forming a
heterogeneous mixture, where the pressure difference in the two
phases is balanced by surface tension. It may be expected that the
volume-averaged pressure would continue increasing by further
stretching and eventually become positive in the region of a stable,
homogeneous vapor phase, thus completing the liquid–vapor
phase transition through an isothermal stretching process. Indeed,
such a process can be simulated byMD as illustrated in Fig. 6. With
N = 8000 for the number of water molecules and T = 300 K,
we stretch the simulation box continuously to more than 10 times
of the initial volume. Interestingly, the hydrostatic stress–strain
diagram or equivalently, the pressure–volume diagram (Fig. 6(a))
exhibits three subsequent transitions after cavitation, each with
a notable jump of the pressure. Further examination reveals that
each transition is associated with a morphological change of the
water in the simulation box as shown in Fig. 6(b). First, the
spherical cavity grows as the total volume increases and becomes
unstable when its diameter is almost the side length of the
simulation box, leading to a transition of the cavity shape from
spherical to cylindrical. Such a geometric transition is necessary
to accommodate the increasing volume fraction of the cavity
(vapor phase) within the cubic simulation box. Next, with further
stretching, the cylindrical cavity grows and becomes unstable
again when its diameter reaches the side length of the simulation
box, leading to another transition as the vapor cylinders in
neighboring boxes (with periodic boundary conditions) coalesce to
form a layered structure with alternating liquid and vapor phases.
Such a layered structure, with a liquid layer sandwiched between
two vapor layers, is similar to the slab model used by Vega and
Miguel [30] to calculate the surface tension ofwater. Subsequently,
the liquid layer is being stretched equi-biaxially and its thickness
decreases. The liquid layer becomes unstable when it is too thin
and breaks up to form a spherical droplet. At this stage, the volume
fraction of liquid is small and the average pressure is nearly zero.
If stretched further (not performed in the present study due to
computational limitations), the droplet would shrink in size and
eventually vanish, leaving behind a homogeneous vapor phase in
the simulation box. Therefore, the isothermal liquid–vapor phase
transition can be completed by volume-controlled stretching,
through a sequence of morphological transitions with co-existing
liquid/vapor phases including spherical and cylindrical cavities as
well as liquid droplets.

5. Summary

We conduct MD simulations to study cavitation of water under
volume-controlled stretching. Motivated by the MD simulations,
we propose amodified nucleation theory for cavitation, taking into
account the nonlinear elastic compressibility of liquid water. The
numerical and theoretical results are compared and discussed to
elucidate the effects of volume and temperature on cavitation. A
few key findings are summarized as follows.

• Liquid water exhibits a nonlinear elastic behavior under
hydrostatic tension and remains stable within the confined
volume until onset of cavitation.

• By the modified nucleation theory, cavitation is predicted
as a first-order phase transition with a critical strain and a
corresponding critical stress (or negative pressure).

• Unlike classical nucleation theory, the modified nucleation
theory predicts a strong dependence of the critical strain and
stress for cavitation on the initial liquid volume, which may
offer a possible explanation for the discrepancies in the values
of the critical negative pressure obtained from experiments.

• Both MD simulations and the modified nucleation theory
predict that the critical stress for cavitation decreases with
increasing temperature, which may be attributed to the
temperature-dependent elastic moduli (compressibility) and
surface tension.

• By MD simulations, we illustrate an isothermal process
of liquid–vapor phase transition under volume-controlled
stretching, with a sequence of morphological transitions from
spherical to cylindrical cavities and to a liquid droplet.
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